We theoretically investigate long-range interactions between an excited L state He atom and two identical S state He atoms, for the cases of the three atoms all in spin singlet states or all in spin triplet states, denoted by He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ L), with n 0 and n 0 principal quantum numbers, λ = 1 or 3 the spin multiplicity, and L the orbital angular momentum of a He atom. Using degenerate perturbation theory for the energies up to second-order, we evaluate the coefficients C 3 of the first order dipolar interactions and the coefficients C 6 and C 8 of the second order additive and nonadditive interactions. Both the dipolar and dispersion interaction coefficients, for these threebody degenerate systems, show dependences on the geometrical configurations of the three atoms. The nonadditive interactions start to appear in second-order. To demonstrate the results and for applications, the obtained coefficients C n are evaluated with highly accurate variationally-generated nonrelativistic wave functions in Hylleraas coordinates for He(1 1 S)-He(1 1 S)-He(2 1 S), He(1 1 S)-He(1 1 S)-He(2 1 P ), He(2 1 S)-He(2 1 S)-He(2 1 P ), and He(2 3 S)-He(2 3 S)-He(2 3 P ). The calculations are given for three like-nuclei for the cases of hypothetical infinite mass He nuclei, and of real finite mass 4 He or 3 He nuclei. The special cases of the three atoms in equilateral triangle configurations are explored in detail, and for the cases where one of the atoms is in a P state, we also present results for the atoms in an isosceles right triangle configuration or in an equally spaced co-linear configuration. The results can be applied to construct potential energy surfaces for three helium atom systems.
I. INTRODUCTION
We recently demonstrated for the case of three Li atoms with two atoms in their ground states and one atom in the first excited P state that their long-range (i.e. atoms sufficiently separated that electron exchange is negligible) interactions exhibit a first order interaction potential dependent on the geometrical configuration of the atoms and that in second order additive and non-additive dispersion interactions appear [1] (subsequently referred to as Paper I). These long-range interactions are in sharp contrast to the case of three ground state atoms, where geometric-configuration non-additive dispersion interactions (sometimes called Axilrod-Teller-Muto terms) appear in third order, cf. Ref. [2] . Our results provide accurate long-range potential energies of electronically excited Li trimers and the results may be useful in the analysis of processes such as optical blockade effects [3] and cooperative spontaneous emission [4] where long-range dipole-dipole interactions amongst several atoms appear.
In the present paper, we extend the theory of Paper I to the case of three He atoms. We investigate the long-range interactions between an excited L state He atom and two identical S state He atoms, for the cases of the three atoms all in spin singlet states or all in spin triplet states, denoted by He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ L), with n 0 and n 0 principal quantum numbers, λ = 1 or 3 the spin multiplicity, and L the orbital angular momentum of a He atom.
Interactions between three ground state He atoms were studied extensively, and elaborate calculations of three-body interactions, including dispersion interactions contributions, are available (see, for example, Ref. [5] and references therein). The three-ground state He atom calculations are valuable for modeling liquid 4 He and solid He [6] , for recombination and scattering studies [7] , investigations of Efimov states [7, 8] , and thermophysics [5] .
Rare gas metastable helium atoms have been widely used in many studies [9] such as photoassociation spectroscopy [10] , metastable loss in magneto-optical traps [11] , Penning ionization [12] [13] [14] [15] , and associative ionization [11] . Indeed, the three-body loss rate in a 4 He(2 3 S) Bose-Einstein condensate was measured providing evidence from the trimer system 4 He 3 (2 3 S) for a universal three-body parameter [16] . For the case of two metastable He atoms, with one atom in excited P -state level, the first-order resonant dipole-dipole interaction produces an interatomic potential varying as C 3 /R 3 , where the corresponding coefficients C 3 for weakly bound dimers of helium atoms were given in many papers [17, 18] (and references therein). However, due to the degeneracy, these coefficients may not be used in the study of helium clusters or the study of atom-molecule and molecule-molecule collision that involve a P -state atom. This is because, when a helium excited dimer turns into an excited trimer or a cluster involving excited atoms, the interactions between atoms are changed due to quantum many-body effects. So to proceed with calculations of molecular He * n excimer potential energy surfaces, investigations of the long-range multi-body interactions are warranted. For example, early work by Phelps [19] studying the destruction of He(2 3 S) atoms using absorption measurements in a discharge found evidence for for the formation of metastable helium dimers through the reaction He(2 3 S) + He(1 1 S) + He(1 1 S) and evidence that the three-body interaction between a bound He 2 (2 3 Σ) molecule and a He(1 1 S) atom may be "repulsive or, at most, weakly attractive." However, trimer excited potential energy calculations were not available at the time, and, to date, may still be unavailable, making interpretations based on collisional dynamics uncertain. Later studies, however, confirm the importance and complexity, see Ref. [20] and references therein, of the kinetics between the He(2 3 S) atoms and the vibrationally excited He 2 (a 3 Σ u ) molecules. Further work, such as we present here, concerning the long-range interactions of combinations of three He atoms when at least one is metastable is desirable, and may lead to understanding of various recombination and scattering processes.
In this work, we present our research on long-range interactions for three like helium atoms involving at least one atom in an excited state. Using variationally optimized nonrelativistic atomic helium wave functions in Hylleraas coordinates, we present our theoretical calculations of long-range interaction coefficients for He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ L) considering the energetically lowest five states: He(1 1 S), He(2 3 S), He(2 1 S), He(2 3 P ) and He(2 1 P ). We present the additive "dipolar" interactions coefficients C 3 and additive dispersion interactions coefficients C 6 , C 8 that enter, respectively, in first-and second-order perturbation theory. We also evaluate the second-order nonadditive dispersion interactions coefficients C 6 , C 8 that contain a dependence on the geometrical configuration of the three atoms. In addition, the coefficients are given explicitly and as numerical values for the three basic geometrical configurations of the nuclei in an equilateral triangle, in an isosceles right triangle or equally spaced collinearly. Finally, long-range potentials in the sum of first and second order energies for these three geometrical configurations are given.
Due to the quantum three-body effect, both the dipolar and dispersion interaction coefficients, for the degenerate He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ L) system, show a dependence on the geometrical configurations of the three atoms. Currently, the obtained coefficients are given in three very common configurations. But in this paper, we would also talk about the connection of this degenerate three-body system with nondegenerate three-body system and three-body atom-molecule system, which could be used in the study of three-body recombination or ultracold atom-molecule collision.
II. THEORETICAL FORMULATION
In this paper, atomic units are used throughout. The three atoms are labeled by I, J and K, with, respectively, internal coordinates σ, ρ, and ς. When the labels I, J, or K appear, it is understood that cyclic permutation can be used.
In the present work, we take the mutual electrostatic interactions V IJ between pairs of atoms for the He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ L) system as a perturbation. According to degenerate perturbation theory, the zeroth-order wave function of the unperturbed system can be written as,
where φ 1 , φ 2 , φ 3 are three orthogonal eigenvectors corresponding to the same energy eigenvalue E (0) n 0 n 0 n 0 = 2E (0)
n 0 L , |φ 1 = ϕ n 0 (LM ; σ)ϕ n 0 (0; ρ)ϕ n 0 (0; ς) ,
|φ 2 = ϕ n 0 (0; σ)ϕ n 0 (LM ; ρ)ϕ n 0 (0; ς) ,
|φ 3 = ϕ n 0 (0; σ)ϕ n 0 (0; ρ)ϕ n 0 (LM ; ς) .
The expansion coefficients a, b, c are determined by diagonalizing the perturbation in the basis set {φ 1 , φ 2 , φ 3 }, which depends on the geometrical configuration formed by the three atoms. In the following, we show that all the dispersion interaction coefficients contain some of or all of these three expansion coefficients a, b, c leading to dependences on the configuration of the three atoms. For three well-separated helium atoms, the mutual interaction energy V IJ can be expanded according to Refs. [2, 21] 
In Eq.(5), the multipole transition operators are
and the geometry factor is
where R IJ = R J − R I is the relative position vector from atom I to atom J, the notation (a, b, . . .) = (2a + 1)(2b + 1) . . ., and P m I −m J l I +l J (cos θ IJ ) is the associated Legendre function with θ IJ representing the angle between R IJ and the z-axis. If we now choose the z axis to be normal to the plane of the three atoms, giving θ 12 = θ 23 = θ 31 = π/2, the associated Legendre functions can be simplified as 
Φ IJ denotes the angle between R IJ and the x-axis. It shows the dependence of the mutual dipole-dipole interaction between two atoms on the orientation of the interacting dipoles relative to the line connecting them [22] . Similar expressions result for V JK and V KI . For simplicity, in this work, we transfer all these Φ into interior angles (α, β, γ) of the triangle formed by the three helium atoms with the same method as used in Paper I.
A. The formulas for He(
The second-order energy correction for the He(1 1 S)-He(1 1 S)-He(2 1 S) system can be written as
where
is an intermediate state of the system with the energy eigenvalue E nsLs;ntLt;nuLu = E nsLs + E ntLt + E nuLu . It is noted that the above summations should exclude terms with E nsLs;ntLt;nuLu = E (0) n 0 S;n 0 S;n 0 S . C (12) 2n , C
2n , and C (31) 2n
are the additive dispersion coefficients. In this work we are only concerned with n = 3 and 4 in Eq. (10) . The corresponding dispersion coefficients are
where a, b and c are defined in Eq. (1) . The other terms in Eqs. (11) and (12) are given by
and
The K i -Functions are defined by Eqs. (66)-(68) in the Appendix.
B. The formulas for He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ P )
The first-order energy
According to the perturbation theory, the first-order energy correction for the He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ P ) system is
where a, b, c are defined in Eq.
(1). It should be mentioned that there exist only additive long-range interaction terms at this order of perturbation.
The second-order energy
The second-order energy correction for the He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ P ) system can be written as
is an intermediate state of the system with the energy eigenvalue E nsLs;ntLt;nuLu = E nsLs +E ntLt +E nuLu . It is noted that the above summations should exclude terms with E nsLs;ntLt;nuLu = E (0)
2n (1, M ), and C (1, M ) are the nonadditive dispersion coefficients. In this work we are only concerned with n = 3 and 4 in Eq. (24) . The corresponding dispersion coefficients are
with
where a, b and c are defined in Eq. (1) and α, β and γ are the interior angles, and the other terms in Eqs. (25)-(28) are given by
In the above (I, J, K) forms a permutation of (1, 2, 3) . Many of the details of the perturbation theory were given in Paper I. The expressions of the F i appearing above are given by Eqs.
(A10)-(A13) of Paper I.
III. RESULTS AND DISCUSSION
In the present work, the atomic wave functions of helium were constructed variationally using Hylleraas basis sets and the intermediate states were generated by diagonalizing the helium Hamiltonian [23] . All relevant matrix elements of the multipole transition operators were thus calculated, including the finite nuclear mass corrections [17] . With these, we calculate the first-order dipolar and second-order long-range dispersion coefficients for the He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ L) system. According to the Eqs. (10)-(36), we can see that the dependence of these interaction coefficients on the geometrical configurations of the three atoms is due to two reasons. Firstly, all these coefficients contain the expansion coefficients a, b, c. The cause of this dependence is the existence of the three degenerate states that are shown in Eqs. (2)-(4). Secondly, these nonadditive interaction coefficients contain the interior angles of the triangle α, β, γ formed by these three helium atoms. So in this paper, the expansion coefficients a, b, c and the interior angles α, β, γ are called geometric parameters.
Now, let us reconsider the formulas of additive dispersion interaction coefficients that are shown in Eqs. (11) , (12) , (21) , (25) and (26). Since these coefficients do not contain the interior angles α, β, γ, we can easily separate them into geometric parameters a, b, c, and the interaction constants . R 1 , R 2 , R 3 , are connected to the second-order additive dispersion coefficient C (L, M ), and Q 1 (M = 0),
. The values of these interaction constants for two helium isotopes are listed in Table I and Table II , respectively. While, as shown in Eqs. (27) and (28), the nonadditive interaction coefficients are inseparable, because they contain both the expansion coefficients a, b, c and the interior angles α, β, γ.
Actually, with these interaction constants, we can easily find the connection between this work and previous studies of long-range interactions for two-body system. For example, if we set a =
, c = 0, our expressions describe the long-range interactions for the two-body n 0 S − n 0 L system. For example, for He(
. Similarly, If we set a = b = 0, c = 1, our expressions describe the long-range interactions for the two-body n 0 S − n 0 S system, where In this work, we are only concerned with the equilateral triangle with R 12 = R 23 = R 31 =R. The perturbation matrix with respect to {φ 1 , φ 2 , φ 3 } thus becomes
Solving the eigenvalue problem of the above matrix Eq. (37), one obtains the eigenvalues: A + 2D, A − D, A − D, and the corresponding zeroth-order wave functions:
where the symbol ∆ denotes the equilateral triangle. Table III . We note that these coefficients C , a = c = 1/ √ 6, we also have C . These relationships between these coefficients are due to the different values of geometric parameters.
The curves of potential energy (E), for the He(1 1 S)-He(1 1 S)-He(2 1 S) system, corresponding to the different zeroth-order wave functions are plotted in Fig. 1 . In this work, we need to obtain the values of these geometric parameters for specific configurations by using degenerate perturbation theory. Here, we are only concerned with the equilateral triangle with R 12 = R 23 = R 31 =R. The perturbation matrix with respect to {φ 1 , φ 2 , φ 3 } thus becomes
Solving the eigenvalue problem of the above matrix (Eq. (43)) for the equilateral triangle, one obtains the eigenvalues: 2H 12 , −H 12 , −H 12 , and the corresponding orthonormalized zeroth-order wave functions:
where the symbol ∆ denotes the equilateral triangle. We note that Eq. (45) corresponds to the "Dicke state" [4] . Tables IV-VIII.  Table IV lists the first-order dipolar coefficients C
(1, M = ±1) positive. All these relationships between these coefficients are due to the different values of geometric parameters. These positive or negative signs mean that different states of a fixed system may lead to different types of interaction: attraction or repulsion. Table V lists the leading terms of the second-order long-range interaction C (1, M = ±1). We note that the absolute values of C Tables VII-VIII. From Tables V-VIII, we can see that the dispersion coefficients for the additive terms are always positive, but the dispersion coefficients for the nonadditive terms can be positive or negative or zero. Furthermore, the absolute values of the non-zero nonadditive dispersion coefficients are less than the additive dispersion coefficients by one to two orders of magnitude. However, the nonadditive terms may not be neglected in constructing an accurate potential surface. For example, the ratios of ( Fig. 2 -Fig. 4 , respectively. and λ 2 = 1, solving the eigenvalue problem of the above matrix (Eq.(55)) for the isosceles right triangle, one obtains the eigenvalues:
, and the corresponding orthonormalized zerothorder wave functions:
where the symbol ⊥ denotes the isosceles right triangle. With these zero-order wave functions Eqs. (48) (1, M ) for the the isosceles right triangle. We note that C Table IV , these coefficients also satisfy C (IJ) 3
But the number values of these coefficients are totally different. This is because a change in geometric configuration would lead to the change in quantum state of the three-body system, then lead to the change in these number values of these long-range interaction coefficients.
Tables X-XIII list the second-order dispersion coefficients C
(1, M ) for the the isosceles right triangle.
We note that C (1, M ) = 0 because α = π/2 and M t −M can be even or odd in Eq. (36). We find that allowing for finite nuclear mass increases the additive dispersion coefficients, as shown in Tables X-XIII. The nonadditive terms may also not be neglected in constructing a threebody potential surface for He(n 0 λ S)-He(n 0 λ S)-Li(n 0 λ P ). The curves of potential energy (E) of the He(
3 P ) systems, resulting from ∆E (1) and ∆E (2) for this geometrical structure are shown in Figs. 5 - Fig. 7 , respectively. and λ 2 = 1, solving the eigenvalue problem of the above matrix (Eq.(55)) for the isosceles right triangle, one obtains the eigenvalues:
, and the corresponding orthonormalized zeroth-order wave functions: 
where the symbol -denotes the geometrical configuration of a straight line. With these zeroorder wave functions Eqs. (51)- (53), for the isotopic He(
systems, the corresponding long-range interaction coefficients are listed in Table XIV-XVIII. Since the zeroth-order wave function coefficients have b = c in Eqs. (51) and (52), and a = 0 and b = −c in Eq. (53) the dispersion coefficients have similar characteristics as the case of the isosceles right triangle. The only differences are the values of three interior angles: β = γ = 0 and α = 2π, which leads to the relatively larger nonzero dispersion coefficients C (1, M = ±1). The corresponding curves of potential energy (E) of the He(
systems resulting from ∆E (1) and ∆E (2) are shown in Fig. 8 - Fig. 10 , respectively.
IV. CONCLUSION
The long-range additive dipolar and additive dispersion interactions and nonadditive dispersion interactions C 3 , C 6 , C 8 for the He(n 0
, and He(2 3 S)-He(2 3 S)-He(2 3 P ) were obtained by perturbation theory. We considered configurations of three-like nuclei for the hypothetical infinite mass He nucleus and for the 3 He and the 4 He nucleus.
The coefficients are dependent on the geometrical configuration of the atoms. We note that the geometry dependent nonadditive dispersion interactions for the degenerate He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ P ) system start to appear at the second order in the perturbative treatment, in contrast to the case of three S atoms where nonadditive dispersion interactions appear at third order. The formulas obtained apply to all geometrical configurations and we demonstrated the methodology for three basic types of geometrical configurations (nuclei forming an equilateral triangle or an isosceles triangle, or nuclei equally-spaced and collinear) by calculating coefficients to high precision using variational wave functions in Hylleraas coordinates. Our numerical results may be useful in constructing accurate threebody potential curves and for applications to scattering and recombination studies.
The present numerical approach differs from widely-used "single-electron" approaches (e.g. "model potentials") used for the calculation of trimer interactions involving three highly-excited alkali-metal atoms each in a Rydberg state, see for example Ref. [24] , in that we include fully the correlation of the electrons in the He atoms. On the other hand, the electronic structure of metastable triplet He atoms is similar to alkali-metal atoms in the sense of having a single active electron, so a comparison with the theory of Ref. [24] might be possible. 
V. APPENDIX
In the present work, we take the mutual electrostatic interactions V IJ between pairs of atoms for the He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ S) system as a perturbation. According to degenerate perturbation theory, the zero-order wave function of the unperturbed system can be written as,
where φ 1 , φ 2 , φ 3 are three orthogonal eigenvectors corresponding to the same energy eigenvalue
n 0 S . With the zeroth-order wavefunction of Eq. (54), we can derive general formulas of the dispersion coefficients for the He(
The values of coefficients a, b and c can be obtained by the degenerate perturbation theory.
A. The zeroth-order wave function
According to degenerate perturbation theory, the zeroth-order energy correction is obtained by the perturbation matrix with respect to {φ 1 , φ 2 , φ 3 },
Then solve this eigenvalue problem to get the eigenvalues and corresponding zeroth-order wave functions.
B. The second-order energy correction
The second-order energy correction is given by
31 ,
is an intermediate state of the system with the energy eigenvalue E nsLs;ntLt;nuLu = E nsLs + E ntLt + E nuLu . It is noted that the above summations should exclude terms with E nsLs;ntLt;nuLu = E (0) n 0 S;n 0 S;n 0 L . Then the three additive terms in the second-order energy correction, denoted by V
23 , and V (2) 31 , become respectively
In the above, the K i functions are defined by
Then the second-order energy correction is simplified as,
are the additive dispersion coefficients. These coefficients can be expressed as 
, and Q 3 (M = ±1) for the He(n 0 λ S)-He(n 0 λ S)-He(n 0 λ P ) system, in atomic units. All these quantities are independent of the geometrical configuration formed by the three atoms. The numbers in parentheses represent the computational uncertainties. 
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S)-
He(2 1 P ) system for three different types of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units.
The numbers in parentheses represent the computational uncertainties. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) , where ∆E (1) =0.
FIG. 2:
Long-range potentials for the He(1 1 S)-He(1 1 S)-He(2 1 P ) system for three different types of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) .
FIG. 3:
Long-range potentials for the He(2 1 S)-He(2 1 S)-He(2 1 P ) system for three different types of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) .
FIG. 4:
Long-range potentials for the He(2 3 S)-He(2 3 S)-He(2 3 P ) system for three different types of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) .
FIG. 5:
Long-range potentials for the He(1 1 S)-He(1 1 S)-He(2 1 P ) system for three different types of the zeroth-order wave functions, where the three atoms form an isosceles right triangle, in atomic units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) .
FIG. 6: Long-range potentials for the He(2 1 S)-He(2 1 S)-He(2 1 P ) system for three different types of the zeroth-order wave functions, where the three atoms form an isosceles right triangle, in atomic units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) .
FIG. 7:
Long-range potentials for the He(2 3 S)-He(2 3 S)-He(2 3 P ) system for three different types of the zeroth-order wave functions, where the three atoms form an isosceles right triangle, in atomic units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) .
FIG. 8:
Long-range potentials for the He(1 1 S)-He(1 1 S)-He(2 1 P ) system for three different types of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) .
FIG. 9:
Long-range potentials for the He(2 1 S)-He(2 1 S)-He(2 1 P ) system for three different types of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) .
FIG. 10: Long-range potentials for the He(2 3 S)-He(2 3 S)-He(2 3 P ) system for three different types of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E (1) and ∆E (2) .
